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Helices occur in modelling a range of structures including ropes, ﬁbers, polymers and
biopolymers. In a recent paper with Thamwattana and Hill, the authors derived Euler–
Lagrange equations for modelling protein structure, where the energy being minimised
was assumed to depend only on the curvature and torsion of the protein backbone space
curve and their ﬁrst derivatives. Such a model is applicable to helices occurring in other
scenarios and in this article the author considers more generally which energies will yield
helices as solutions of their corresponding Euler–Lagrange equations. He ﬁnds in particular
classes of energy for which all circular helices are solutions and an energy depending on
curvature and its derivative which generates conical helices as solutions of the Euler–
Lagrange equations. Also included are some new results for energies depending only
on curvature, extending previous investigations by Feoli et al. [A. Feoli, V.V. Nesterenko,
G. Scarpetta, Functionals linear in curvature and statistics of helical proteins, Nuclear Phys.
B 705 (2005) 577–592].
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Modelling helices in various practical problems has generated much research from physicists, biologists, chemists, en-
gineers and applied mathematicians. Helices modelled have included morphologies of calcites and silica–barium carbonate
(see [23] and the references contained therein), poly(ethylene glycol) (PEG) [34], the microstructure of rods, cables and
ropes (see, for example, [25]), general polymer helices (e.g. [5,15,30,38]) and of course those occurring in proteins and DNA
(see, e.g. [1,3,8,16,37,39]). A wide variety of theoretical modelling methods have been used, including molecular dynamics
simulations [38], Monte Carlo dynamics [31], combinatorial algorithms [32], elasticity theory [25], graph theory [19] and
statistical physics [37]. For biological background we refer the reader to [10,17,21] and [12] while for background on more
general polymer helices and ﬁbers we suggest [14].
A striking feature of proteins and nucleic acids is the tendency of sections to form apparently regular spirals, often very
closely resembling circular helices and sometimes conical helices. Two general purposes of these conﬁgurations are to pro-
vide means for storage, duplication and transmission of information, such as in DNA and RNA, and to provide inelastic ﬁbers
for the generation and transmission of forces, as in F-actin, myosin and collagen [14]. Gas vesicles exhibit tightly woven cir-
cular helix middle sections, capped at either end by conical helices of very regular appearance. These proteins encase gas
and assist microorganisms to ﬂoat [35,41,42]. It is a formidable challenge to model these structures mathematically let alone
the mechanisms of formation. Progress in the latter direction includes work of Barbi et al. [9], Micheletti et al. [32], Rapa-
✩ This research was completed while the author was partially supported by an Australian Postdoctoral Fellowship. The author is grateful to both the
Australian Research Council and the School of Mathematics and Applied Statistics at the University of Wollongong for their support.
E-mail address: jamesm@uow.edu.au.0022-247X/$ – see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2008.05.094
256 J. McCoy / J. Math. Anal. Appl. 347 (2008) 255–265port [38] and Agarwal and Hennig [2]. In general, nature seeks to minimise some energy of the protein conﬁguration, which
may depend on the constituent amino acids, their positions and orientations, the task of the protein in the larger biological
system, the length of the molecule, branches off the backbone, other nearby molecules the ambient ﬂuid, temperature and
so on. We refer the reader to the above references and those contained in our article [40] for details.
Whilst protein structure is certainly not completely regular due to various amino acid constituents, and the formation of
helices occurs due to hydrogen bonding between amino acids (see, e.g. [16]), various authors including Feoli et al. [20] and
Banavar and Maritan [8] have not been concerned to overlook this chemical structure in mathematical modelling of helices.
Furthermore it is known that proteins with the same biological task in different animal species have very similar geometric
shapes but may only have 25% of their constituent amino acids in common [32]. More generally it is also known that
many sequences fold into the same native state structure [10,17,21]. As a ﬁrst mathematical approximation we therefore
assume the protein backbone, or more generally chain being modelled, by analogy with classical physics, would adopt a
shape which minimises some energy depending on the intrinsic properties of the curve, namely its curvature, as in [20],
but also possibly its torsion and derivatives, as in [45]. A more advanced model for protein folding considering the assembly
of various helicical pieces and their energies of interaction appears in Bruscolini [11]. In this paper we instead focus on
allowing as much generality as possible in energies which permit helical solution curves.
In this paper we model the backbone of the molecule as a smooth curve C , without self-intersections, in Euclidean
three-dimensional space. (A different model is to consider the backbone as a tube of ﬁnite thickness [8].) Let r(s) =
(x(s), y(s), z(s)) denote the position vector of points on C , where s ∈ [a,b] is a parameter. In general, the curvature and
torsion of C are given respectively by
κ = |r˙× r¨||r˙|3 , τ =
det(r˙, r¨,
...
r )
|r˙× r¨|2 , (1)
where r˙, r¨ and
...
r denote respectively ﬁrst, second and third derivatives of r with respect to s. If C is a circular helix, then κ
and τ are each constant; if C is a conical helix then each is inversely proportional to s. We refer the reader to [36] or [22]
for details of such a geometry. The latter of these books is also a good reference for calculus of variations, used below.
We are interested in energy functionals deﬁned for our space curves by
E[r] :=
∫
C
F(κ, τ , κ˙, τ˙ )dL=
b∫
a
F(κ(s), τ (s), κ˙(s), τ˙ (s))∣∣r˙(s)∣∣ds, (2)
where the energy density F is a suitably differentiable function depending on both curvature κ and torsion τ of the curve,
and their intrinsic derivatives. Note that in the case when F depends on the derivative of torsion, this energy involves up
to the fourth order derivative of r(s).
We found in [40] the Euler–Lagrange equations corresponding to extremising the energy (2) to be
d2
ds2
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The same variational problem was considered in [45] however we noted that their Euler–Lagrange equations were incor-
rect. We note that a more general variational problem was considered in the more abstract setting of exterior differential
systems by Griﬃths [24] although equations expressed as above do not appear there. In [20], the energy F(κ) = α + βκ
was analysed in detail; while in [40] we analysed the Euler–Lagrange equations more generally and considered some special
cases including energies depending on curvature and torsion which give rise to conical helices. In the present paper we
broaden the analysis with the basic question in mind “Which energies will give rise to helices as solutions of the corre-
sponding Euler–Lagrange equations?”
Calculus of variations is a branch of mathematics with its origins in the brachistochrone problem of Galileo (1564–1642)
and Bernoulli (1667–1748). This problem is described in most applied mathematics books concerning calculus of variations
including [7] and more recently in the mathematical analysis book by Morgan [33]. As in this classical problem, most
larger scale applications in physics and engineering, including elasticity (see, e.g. [4,28]), present with a known energy
functional, perhaps with parameters, with correspondingly speciﬁc Euler–Lagrange equations. This illustrates the novelty
of our approach to our question: instead of knowing a precise energy, we know instead that in biological applications
helical curves do arise, so we consider which mathematical models are possible to describe these, if we permit our energy
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signiﬁcantly broaden the class of energies considered for this problem by Feoli et al. [20].
2. Energy densitiesF =F(κ)
In this case the Euler–Lagrange equations reduce to
d2
ds2
F ′ + (κ2 − τ 2)F ′ − κF = 0 (5)
and
τ˙F ′ + 2τ d
ds
F ′ = 0, (6)
where F ′ is the derivative of F with respect to its argument, κ . These equations have also been considered by Feoli et
al. [20]. We will carefully consider possible solutions of this simple system, as a similar process will be used later for the
cases of F =F(κ, τ ) and F =F(κ, κ˙).
(1) If τ = 0 then (6) is trivially satisﬁed and (5) becomes
d2
ds2
F ′ + κ2F ′ − κF = 0.
This is a very general condition for generating plane curves (that is, curves with τ = 0) as solutions of the
Euler–Lagrange equations. We will not pursue such curves or corresponding energies here as we focus on solutions
with nonzero torsion, that is, space curves in three dimensions more like the backbones of protein helices and poly-
mers observed in practice.
(2) If τ = τ0 = 0 constant, then (6) gives
d
ds
F ′ =F ′′(κ)κ˙ = 0
so either κ = κ0 constant, or F(κ) = α + βκ for constant parameters α and β . Each of these cases is considered in
slightly more general settings in the following items.
(3) If we look for circular helices with κ = κ0 and τ = τ0, then (6) is trivially satisﬁed and (5) reduces to the requirement
P [F ](κ0) =
(
κ20 − τ 20
)F ′(κ0) − κ0F(κ0) = 0, (7)
that is, a condition on F(κ) at κ = κ0 only. This condition can always be met by constant translation of F , that
is, adjusting the term in the energy corresponding to arc length. Indeed, suppose we have an energy density with
F(κ0) = A and F ′(κ0) = B for some A and B . If we set
G(κ) =F(κ) + (κ20 − τ 20 ) Bκ0 − A, (8)
then G itself satisﬁes condition (7), that is, P [G](κ0) = 0 and thus this energy gives rise to circular helices with κ = κ0
and τ = τ0 as solutions of the Euler–Lagrange equations.
Alternatively if we wish (7) to hold for all κ0, we solve this equation as an ODE to ﬁnd the energy density
F(κ) = C0
√
κ2 − τ 20 , (9)
where C0 is the constant of integration. This corresponds to the energy
E[r] =
∫ √
κ2 − τ 20 dL
which therefore has extrema at all circular helices with torsion τ0. We may think of τ0 as a parameter in (9) controlling
the torsion of the resultant circular helix solutions. Whilst curvature (and torsion) values for practical polymer helices
are obviously discrete due to their composition of discrete building blocks, such helices are known to ‘wind’ and ‘un-
wind’ relative to their ambient ﬂuid, in particular in response to acidity and temperature [34]. The energies we suggest
allow the ﬂexibility to adjust the parameters κ0 and τ0 according to the setting. Discreteness may come in later to an
improved model by incorporating other relevant constraints.
Less strictly, and perhaps more realistically in view of the comments above, as a further alternative if we wish (7) to
hold only for a particular κ0 and τ0, where κ20 = τ 20 , we may solve the ODE(
κ20 − τ 20
)F ′(κ) = κ0F(κ)
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F(κ) = C0e
κ0κ
(κ20−τ20 )
and corresponding energies
E[r] =
∫
e
κ0κ
(κ20−τ20 ) dL
which have circular helices with κ = κ0 and τ = τ0 as solutions of the Euler–Lagrange equations.
If one parametrises the circular helix by arclength as
r(s) =
(
a cos
s
c
,a sin
s
c
,
bs
c
)
for example, where a and b are constants and c2 = a2 + b2, then it is easy to compute via formulas (1) that
κ0 = a
c2
, τ0 = b
c2
.
In the practical situation of protein helices, the helix radius, a, is approximately 2.5 Å, while the pitch, or rise per turn,
equal to 2πb, is about 5.4 Å [21]. From this data one can then compute approximate values for κ0 and τ0 to obtain the
relevant energy for modelling these helices.
(4) More generally, (6) is easily integrated to give
τ = C1
(F ′)2 , (10)
as in Feoli et al. [20]. In the case F(κ) = α + βκ , α,β = 0, as in Feoli et al. [20], we get the unique solution
τ = C1
β2
, κ = C
2
1
−αβ3 ,
corresponding to circular helices. Since κ > 0 the constants α and β should have opposite signs. Furthermore, since α
corresponds to the arc length term in the energy, we choose α > 0 and β < 0. The sign of τ is determined by that of C1
and indicates a right-handed (+) or left-handed (−) helix.
Secondly and more generally suppose we seek as solutions generalised helices, which have the property that τκ ≡ C2 for
some constant C2. Substituting this into (10) and integrating, our energy density must therefore be
F(κ) = ±2
√
C1κ
C2
+ C0 (11)
and our remaining equation for κ , from (5), is
κ¨ − 3
2
(κ˙)2
κ
+ 2(1+ C22)κ3 ± 2C0
√
C2
C1
κ
5
2 = 0. (12)
The case where ±C0 < 0 will have circular helix solutions. Indeed, if κ is constant, from (12) we have κ = C
2
0C2
C1(1+C22 )2
and hence τ = C20C22
C1(1+C22 )2
. It is also straightforward to check by substituting into (12) κ = κ0s for some constant κ0 that
this equation does not admit conical helix solutions.
The general solution of (12) is
κ = 4C
2
0C2
C1(1+ C22)2
t−2, τ = 4C
2
0C
2
2
C1(1+ C22)2
t−2,
where the parameter t is related to arc length s via
s = C1(1+ C
2
2)
3
2
4C2C20
t∫
a
(
c˜ − t˜−2 ± t˜−1)− 12 dt˜,
where c˜ is a constant of integration.
We note in particular that these curves are not circular or conical helices. We can partially describe what the resulting
curves look like using a similar procedure as in [29]. Observe that if R˜(t) denotes the position vector of the projec-
tion of the helix onto the plane perpendicular to its axis, and if ϕ(t) is the angle between the tangent vector to the
projection R˜ ′(t) and a ﬁxed direction in this plane, then
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(∫
cosϕ(t)dt,
∫
sinϕ(t)dt
)
.
A unit normal to this curve is
n˜(t) = (− sinϕ(t), cosϕ(t)).
Comparison with the general Frenét equations for curves not necessarily parametrised by arc length (see, e.g. [36])
reveals that
dϕ
dt
=
√
1+ C22
t
√
c˜t2 − 1± t
and hence
ϕ(t) =
√
1+ C22 tan−1
( ±t − 2
2
√
c˜t2 ± t − 1
)
+ d.
Note that the constant d determines the rotation of the projection in the plane; further constants of integration arising
after integration in the formula for R˜(t) determine translation in the plane.
For small C2 and d = 0 say, we may approximate
R˜(t) = 1√
1+ 4c˜
(
2
∫ √
c˜ ± t−1 − t−2 dt,
∫ (±1− 2t−1)dt)
to obtain an approximate parametric form of the projected curve.
In a special case of the above, C0 = 0, that is, neglecting the arc length term in the energy, the situation reduces to
• Energy E[r] = ∫C √κ dL.• ODE
κ¨ − 3
2
κ˙2
κ
+ 2(1+ C22)κ3 = 0.
• Solution
κ = c1
(s + c2)2 + c21(1+ C22)
, τ = C2κ.
The projection of this helix onto the plane perpendicular to its axis is a catenary, so the space curve is a helix on the
catenary cylinder which approaches a straight line for large s.
We note that powers of curvature, as in (11), have been considered as energy densities before in various contexts,
including the elastic energy of thin beams (see e.g. [18] or [27]), for critical points of elastic curves in Riemannian
manifolds [6] and to describe shape transitions of carbon nanotubes under pressure (Zang et al. [44]). In particular
the square of curvature has appeared in energies for backbones of DNA and polymers [16,43] while in the setting of
two-dimensional surfaces in three space, the square of the mean curvature appears in models of the shape of red blood
cells [13,26].
3. Energy densitiesF =F(κ,τ )
We found in [40] energies yielding conical helices, with κ = κ0s and τ = τ0s for constants κ0 and τ0. Speciﬁcally, these
energies took the form
F(κ, τ ) = f0(ξ) + f1(ξ) sin(β lnκ) + f2(ξ) cos(β lnκ) + κ f3(ξ),
for arbitrary differentiable functions f0, f1, f2 and f3 of the variable ξ = τκ and parameter β .
In analogy with Feoli et al. [20], we also considered in [40] the simple case of
F(κ, τ ) = α + βκ + γ τ ,
for constants α, β and γ . For this energy, the Euler–Lagrange equations (3) and (4) became
−ακ + γ κτ − τ 2β = 0
and
βτ˙ − γ κ˙ = 0,
with unique solution
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2
0β
α + C0γ , τ =
αC0
α + C0γ .
For this energy, the only solutions to the Euler–Lagrange equations are circular helices. We noted in [40] that the additional
parameter γ might be useful in modelling.
If we look more generally for circular helices satisfying (3) and (4), substituting κ = κ0 and τ = τ0 constants, the
Euler–Lagrange equations reduce to the single requirement that
P [F ](κ0, τ0) :=
(
κ20 − τ 20
)∂F
∂κ
(κ0, τ0) + 2κ0τ0 ∂F
∂τ
(κ0, τ0) − κ0F(κ0, τ0) = 0, (13)
a very weak condition on the energy density F(κ, τ ) at the point (κ0, τ0) only. Many choices of F will satisfy this condition,
including those mentioned earlier which generate circular helices. Broadly we can say that if the derivatives of F are
continuous, then provided we can merely ﬁnd (κ1, τ1) where P (κ1, τ1) < 0 and (κ2, τ2) where P (κ2, τ2) > 0, then by the
Intermediate Value Theorem from elementary single variable calculus we know there is a (κ0, τ0) where (13) is satisﬁed. In
fact, by considering different paths between (κ1, τ1) and (κ2, τ2), there are many such (κ0, τ0).
If we require more speciﬁcally a given κ0 and τ0 to satisfy (13) we may translate similarly as in (8) the energy density
F(κ, τ ) by adding the appropriate arc length term. Speciﬁcally, suppose the energy density F(κ, τ ) satisﬁes
F(κ0, τ0) = A, ∂F
∂κ
(κ0, τ0) = B, ∂F
∂τ
(κ0, τ0) = C,
for known constants A, B and C . Then the energy density
G(κ, τ ) =F(κ, τ ) + 1
κ0
[(
κ20 − τ 20
)
B + 2κ0τ0C − κ0A
]
satisﬁes (13), that is, P [G](κ0, τ0) = 0 and therefore has circular helices with κ = κ0 and τ = τ0 as solutions of the
Euler–Lagrange equations.
We mention two additional interesting classes of solutions to (13).
(1) If we impose a much stricter condition that (13) be satisﬁed for every choice of κ0 and τ0, that is, all circular helices
are solutions, then solving the ﬁrst order linear PDE (13) we ﬁnd
F(κ, τ ) = ψ
(
κ2 + τ 2
τ
)√√√√1±
√
1− 4κτ
(κ2 + τ 2)2 ,
for arbitrary differentiable function ψ of one variable. This corresponds to the energy functional
E[r] =
∫
C
ψ
(
κ2 + τ 2
τ
)√√√√1±
√
1− 4κτ
(κ2 + τ 2)2 dL.
As in the previous case we have similar comments regarding the relevance of allowing continuously varying choices of
curvature and torsion in the helical model.
(2) Less strictly, if we require only one particular κ0 and τ0 to satisfy (13), we could solve the ﬁrst order linear PDE with
constant coeﬃcients(
κ20 − τ 20
)∂F
∂κ
(κ, τ ) + 2κ0τ0 ∂F
∂τ
(κ, τ ) − κ0F(κ, τ ) = 0.
This has general solution
F(κ, τ ) = e τ2τ0 ψ(2κ0τ0κ − (κ20 − τ 20 )τ )
for an arbitrary differentiable function ψ . This corresponds to the energy functional
E[r] =
∫
C
e
τ
2τ0 ψ
(
2κ0τ0κ −
(
κ20 − τ 20
)
τ
)
dL,
which therefore attains an extremum for the circular helix with curvature κ0 and torsion τ0.
Remarks about this class ofF :
(a) F(κ, τ ) = e τ2τ0 is the only κ-independent F . Such F might be useful in modelling where the curvature κ is other-
wise restricted.
(b) When κ20 = τ 20 , F(κ, τ ) = e
κ0κ
(κ20−τ20 ) is the only τ -independent F . Such F might be useful in modelling where the
torsion τ is otherwise restricted.
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τ
2κ0 for arbitrary
function C of variable κ .
(d) If τ0 = 0 (planar circular arcs), F(κ, τ ) = A(τ )e
κ
κ0 .
4. Energy densitiesF =F(κ, κ˙)
In this case the Euler–Lagrange equations (3) and (4) reduce to
d2
ds2
[
∂F
∂κ
− d
ds
(
∂F
∂κ˙
)]
+ (κ2 − τ 2)[∂F
∂κ
− d
ds
(
∂F
∂κ˙
)]
+ κ
[
κ˙
∂F
∂κ˙
−F
]
= 0 (14)
and
2τ
d
ds
[
∂F
∂κ
− d
ds
(
∂F
∂κ˙
)]
+ τ˙
[
∂F
∂κ
− d
ds
(
∂F
∂κ˙
)]
= 0. (15)
We note the resemblance between these equations and (5) and (6). As before we consider several special cases of solutions.
(1) If we look for circular helices with κ = κ0 and τ = τ0, (15) disappears completely, and (14) reduces to
P [F ](κ0) :=
(
κ20 − τ 20
)∂F
∂κ
(κ0,0) − κ0F(κ0,0) = 0. (16)
This is similar condition on F at (κ0, τ0) as condition (7) and (13). If κ20 = τ 20 it requires F(κ0,0) = 0; if not then we
need
∂F
∂κ
(κ0,0) = κ0
(κ20 − τ 20 )
F(κ0,0).
We have a similar argument as before involving the Intermediate Value Theorem to assert existence of a κ0 satisfy-
ing (16). Likewise given κ0 we may translate F by an arc length term to ensure condition (16) is satisﬁed. Furthermore
if we would like (16) to hold for any κ0, solving the PDE we ﬁnd the class of energy densities
F(κ, κ˙) = ψ(κ˙)
√
κ2 − τ 20
allow this, where ψ is an arbitrary differentiable function of the variable κ˙ , while if we would like (16) to hold just for
a given κ0 then we instead obtain the class
F(κ, κ˙) = ψ(κ˙)κ
κ0
(κ20−τ20 ) .
The similarity of these F with those considered earlier is of course due to the similarity of conditions (7), (13) and (16).
As we remarked earlier, powers of curvature, particularly the square, have appeared before in mathematical energies for
a variety of physical and biological models.
(2) If
∂F
∂κ
− d
ds
(
∂F
∂κ˙
)
= 0 (17)
then (15) is trivially satisﬁed and (14) becomes
κ˙
∂F
∂κ˙
−F = 0.
This equation has general solution
F(κ, κ˙) = κ˙ψ(κ)
for an arbitrary differentiable function ψ of one variable. Furthermore this class of F satisﬁes (17) identically. However
this is not surprising given we may rewrite
F(κ, κ˙) = κ˙ψ(κ) = d
ds
Ψ (κ)
and so the energy is integrable and depends only on the value of Ψ at the endpoints of the curve.
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∂F
∂κ
− d
ds
(
∂F
∂κ˙
)
= C . (18)
In this case (15) implies τ ≡ C1 for some constant C1 and (14) becomes
(
κ2 − C21
)
C + κ
(
κ˙
∂F
∂κ˙
−F
)
= 0.
This equation has general solution
F(κ, κ˙) = −C(C
2
1 − κ2)
κ
+ κ˙ψ(κ),
for arbitrary differentiable function ψ of one variable. However, one easily checks that this F can only satisfy (18) if in
fact C = 0, reducing the situation to the case above.
(4) Observe that, as with (6), (15) may be integrated to yield
τ = C1[
∂F
∂κ − dds
(
∂F
∂κ˙
)]2 . (19)
Our next special case is an analogy with F(κ) = α+βκ considered earlier. Suppose ∂F
∂κ˙ = γ for some constant γ . Then
by integration,
F(κ, κ˙) = γ κ˙ + ψ(κ)
for an arbitrary function ψ of one variable. If we now require ∂F
∂κ = β for some constant β , then
F(κ, κ˙) = α + βκ + γ κ˙, (20)
so from (19),
τ = C1
β2
and then from (14),
κ = C
2
1
−αβ3 .
Note that the parameter γ does not appear at all in the resulting formulae for κ and τ . However, this parameter might
be otherwise useful in modelling as we can incorporate a measure of curvature variability into the energy density (20).
(5) Substituting (19) directly into (14) leaves
d2
ds2
√
C1
τ
+ (κ2 − τ 2)
√
C1
τ
± κ
(
κ˙
∂F
∂κ˙
−F
)
= 0. (21)
Observe that the last bracketed term above is not equal to zero; if it were then (17) would hold and the above substi-
tution would not be valid.
We now consider separately the possibilities of conical and generalised helical solutions:
• If we look for conical helices, setting κ = κ0s , τ = τ0s , then (21) becomes(
κ20 − τ 20 −
1
4
)√
C1
τ0
s−
3
2 ± κ0
s
(
κ˙
∂F
∂κ˙
−F
)
= 0. (22)
Since the second bracketed term is not equal to zero, clearly if (22) is to be satisﬁed we will need
κ20 − τ 20 −
1
4
= 0. (23)
Then a suﬃcient condition for (22) to be satisﬁed for all s is
κ˙
∂F
∂κ˙
−F = C2s− 12 = C2κα(−κ˙)β (24)
for some nonzero constant C2, and constants α and β satisfying
α + 2β = 1 .
2
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F(κ, κ˙) = C2
β − 1κ
α(−κ˙)β + κ˙ψ(κ), (25)
while in the case β = 1 we instead have
F(κ, κ˙) = C2κ− 32 κ˙ ln(−κ˙) + κ˙ψ(κ), (26)
for an arbitrary differentiable function ψ of one variable. Resubstituting into (22), it remains only to choose C1 and
C2 satisfying(
κ20 − τ 20 −
1
4
)√
C1
τ0
+ κα+β+10 C2 = 0.
Speciﬁcally, if C2 is given in the deﬁnition of F , and κ0 and τ0 are speciﬁed such that (23) holds, we can always
choose the constant of integration C1 from (19) as
C1 = κ
2(α+β+1)
0 τ0C
2
2
(κ20 − τ 20 − 14 )2
thus obtaining conical helices with κ = κ0s and τ = τ0s as solutions to the Euler–Lagrange equations with F given by
either (25) or (26).
In summary we have found that energies of the form
E[r] =
∫ [
C2
β − 1κ
α(−κ˙)β + κ˙ψ(κ)
]
dL
and
E[r] =
∫ [
C2κ
− 32 κ˙ ln(−κ˙) + κ˙ψ(κ)]dL
will have conical helices as solutions to their corresponding Euler–Lagrange equations.
• If we look for generalised helices, setting τκ = C2, then (21) becomes
d2
ds2
√
C1
C2κ
+ (1− C22)C21C22
(√
C1
C2κ
)−3
± κ
(
κ˙
∂F
∂κ˙
−F
)
= 0 (27)
where we recall as above the last bracketed term above is not equal to zero. Note the similarity between this equation
and (12). The difference is that we now still have some freedom in choosing the F . If we assume, for example,
±κ
(
κ˙
∂F
∂κ˙
−F
)
= A
(√
C1
C2κ
)p
(28)
for some constants A and p, which implies the energy density
F(κ, κ˙) = −A
(
C1
C2
) p
2
κ−
p
2 −1 + κ˙ψ(κ),
for an arbitrary function ψ of the variable κ , then (27) becomes
d2
ds2
√
C1
C2κ
+ (1− C22)C21C22
(√
C1
C2κ
)−3
+ A
(√
C1
C2κ
)p
= 0.
For p = −1, in the case C22 < 1, this ODE has general solution
κ =
∣∣∣∣C2C1
∣∣∣∣
[(
p + 1
2A
)(
1− C22
)] −21−p
t−2
where
s =
[
±
(
p + 1
2A
)] 1
1−p (
1− C22
) 1
1−p − 12
t∫
a
(
c˜ + t˜−2 ± t˜ p+1)− 12 dt˜,
for constant of integration c˜, while in the case C2 > 1, this general solution is2
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∣∣∣∣C2C1
∣∣∣∣
[(
p + 1
2A
)(
C22 − 1
)] −21−p
t−2
where
s =
[
±
(
p + 1
2A
)] 1
1−p (
C22 − 1
) 1
1−p − 12
t∫
a
(
c˜ + t˜−2 ± t˜ p+1)− 12 dt˜.
In each case above for s we choose the + or − sign in the square brackets such that the quantity inside is positive.
In the case p = −1 solutions cannot be expressed in closed form, while when C22 = 1 we may additionally ﬁnd
trigonometric, hyperbolic and other solutions. From the above formulas for κ we obtain the generalised helix with
τ = C2κ . In all these cases one may project onto the plane perpendicular to the axis of the generalised helix to obtain
some description of the shape of these curves, as we did in Section 2.
5. Conclusion
Beginning with the general form of the Euler–Lagrange equations for minimising an energy functional deﬁned for a space
curve and depending on its curvature, torsion and their ﬁrst intrinsic derivatives, we have explored conditions on the energy
where various types of helices provide solutions for these equations. This generalises our work in [40] and the earlier work
of Feoli et al. [20] and we believe it is relevant in modelling a wide range of naturally occurring helices including ropes,
fabric ﬁbres, polymers and segments of proteins. We stated a pointwise condition which would guarantee a circular helix
solution in each class of energies considered. In the case of an energy depending only on curvature, we found another
energy yielding generalised helices as solutions of the Euler–Lagrange equations, and in some cases circular helices also. We
showed the only other solutions for this energy were rather complicated generalised helices; in particular conical helices
are not possible in this case. We provided a subexample where the generalised helices could be described more elegantly
as being on the surface of a catenary and asymptotically straight lines.
In the case of energies depending on curvature and torsion, we recalled our result from [40] on the required form of
the energy to generate conical helices. We then looked for circular helices and found very general conditions on the energy
which would guarantee such solutions of the Euler–Lagrange equations. In particular, we found the class of energies for
which all circular helices are solutions, and a broad class of energies which would yield a given helix as a solution.
In the case of energies depending only on curvature and its derivative, we found a class of energies giving rise to circular
helix solutions of their corresponding Euler–Lagrange equations. We also found that under quite general conditions on the
energy, conical helix solutions are possible. We further identiﬁed that generalised helices are possible for this type of energy
and such curves can be described in part by a projection procedure as outlined in an earlier case.
In summary we believe that the mathematical energies explored in this article which allow helical extremal curves will
prove useful in the modelling of protein shapes and other helical objects in the future. Many of the energies detected, being
in broad classes, may allow other information about the protein or structure in question to be incorporated yielding even
better descriptions.
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